
Modal Analysis, Health Monitoring, and Train-Induced
Resonance of Multi-Span Bridges

Lutz Auersch*; Samir Said and Rolf Rohrmann

Submitted: 25 June 2026 Accepted: 26 September 2026 Publication date: 10 October 2026

DOI: 10.70465/ber.v3i4.101

Abstract: Resonances of railway bridges due to the passage of trains have been mainly investigated for single-span
bridges. When multi-span bridges are considered, it is of interest whether stronger resonance amplifications compared to
a single-span bridge must be taken into account. Measurements of eight multi-span structures are presented with their
natural frequencies and mode shapes: wooden floor beams, a concrete beam, a steel truss footbridge, three road bridges,
and two railway bridges. Typical effects are shown, such as multiple fundamental frequencies due to parallel beams
and multiple spans, close eigenfrequencies of different mode shapes, clusters for simply supported or weakly coupled
spans, and regularly separated frequencies for continuous beams and bridges. The mode shapes are generally global,
but sometimes more local mode shapes exist; for example, a longer midspan is dominant in the first eigenmode. The
consequences of multi-span bridges for train passages are discussed based on a frequency-domain theory in which three
spectra determine the resonance excitation: the axle-sequence spectrum of the train, the transfer function of the bridge,
and the modal force spectrum. The method is applied to the two railway bridge examples, which are treated as single-span
bridges at first, and then these examples are extended to two-, three-, and multi-span bridges. The resonance of a railway
bridge occurs when a maximum of the axle-sequence spectrum (the second or third car-length frequency in the examples)
coincides with an eigenfrequency of the bridge. The resonance amplitude is determined by the mode shape, which results
directly in the modal force spectrum and the modal mass, for which some rules are presented, as well as for the resonance
amplitude of multi-span bridges.

Author keywords: Railway bridge; train passage; resonance; multiple spans; mode-shape spectrum

Introduction

When trains pass over bridges, the response to a moving load
is higher than that for a static load. Higher amplifications
occur due to the repeated axle loads. For special combi-
nations of train speed, train configuration, bridge length,
and eigenfrequency, a strong resonance can occur. For high-
speed trains on short bridges, the amplitudes were sometimes
so high that the ballasted track was damaged.

The topic of resonances of railway bridges has attracted
many researchers in the past,1–4 and many articles about
methods, phenomena, and standards have been published.3–7

The resonance of bridges under train passage is a complex
phenomenon in which, besides amplification, cancellation
(of resonances) is also observed8–10 Most theoretical anal-
yses are performed by time-domain methods, and only a
few articles use frequency-domain methods.4,11,12 A modal
analysis of the bridge is usually a fundamental step in the
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investigation. In the attempt to get simpler methods and
rules, the problem is divided into the phase of bridge passage
and the free vibrations after the bridge passage, e.g.,12 and
into the passage of the static train loads and the full vehicle–
bridge interaction, e.g.13,14 Finally, many experiments on
bridge resonances under train passages have been reported,
for example, in.15–19 All these articles deal with single-span
bridges, in many cases with simply supported bridges. Only a
few articles present examples or methods for multi-span rail-
way bridges.20–25 More general rules for multi-span bridges
are rarely found.

Modal analysis is also a basic concept in structural
health monitoring.26–30 The recent research focuses on bet-
ter tools for operational modal analysis,31–33 on removing
environmental conditions, especially the influence of the
temperature,34,35 and on automated monitoring,36,37 statisti-
cal methods,38–40 and the use of artificial intelligence.41

The research on bridges at the Federal Institute of
Material Research and Testing (BAM) was initiated by
Rohrmann,27 and many single-span and multi-span bridges
have been measured and monitored mainly with respect to
damage detection.42

The experience with bridges from health monitoring is
used here for the topic of resonances of railway bridges. This
contribution focuses on multi-span bridges and their special
effects compared to single-span bridges. What are the typical
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resonance frequencies (resonance frequency patterns), and
what are the typical mode shapes of multi-span bridges? Are
multi-span railway bridges more dangerous or less danger-
ous than single-span bridges? Can a multi-span bridge be
analyzed by looking at only one span?

The structure of the article is as follows.
The first section presents some theory of multi-span

structures with different coupling conditions. The next sec-
tion, with eight subsections, presents eight measurement
examples of multi-span structures: beams, floors, four road
bridges, and two railway bridges. The examples have dif-
ferent numbers of spans and different structures, such as
weakly coupled simply supported spans or parallel beams,
continuous spans, and an arch with nearby eigenfrequencies.
After the measurement examples, the next section presents
the frequency-domain theory for the response to train pas-
sages, where characteristic spectra of the train, the transfer
functions of the bridge, and the mode shape (modal force)
spectra are discussed. This theory is applied to the two
railway bridge examples in the next section, where these
bridges are analyzed as single-span bridges at first. Then, in
the next section, these examples are extended to two-, three-,
and multi-span continuous and simply supported bridges,
and the differences between single and multiple spans in case
of resonant train passages are evaluated.

Theory of Multi-Span Structures

The principal behavior of multi-span floors and bridges can
be analyzed by one-dimensional beam models. The differen-
tial equation for the displacements u of a beam

EI u′′′′ + μu•• = 0 or in frequency domain ω

EI u′′′′ + μω2u = 0 (1)

with bending stiffness EI and mass per unit length μ has four
solutions

u = A1 cos ax + A2 sin ax + A3 exp (+ax)

+ A4 exp (−ax), (2)

if the parameter a is fitted to the differential equation

a = 4
√

EI/μω2. (3)

The constants Ai are fitted to the boundary conditions at the
supports.

At first, the full coupling of identical beams is considered.
The assembly of all beams yields a continuous beam with
continuous rotations at the supports. This is demonstrated
for 5 m span concrete beams in Fig. 1. For coupled beams,
the support conditions depend on the vibrations of the
adjacent beams. If two beams vibrate in anti-phase, the mid
support is “hinged” (Fig. 1a), whereas the mid support is
“clamped” if the beams are in phase (Fig. 1c). Therefore,

the two coupled beams have two eigenfrequencies (Fig. 1e):
the hinged–hinged and the higher hinged–clamped eigen-
frequency of a single beam. In the case of many coupled
beams, more than one eigenfrequency exists. The eigenfre-
quencies lie in a frequency band between the hinged–hinged
and the clamped–clamped eigenfrequency of a single beam
(Fig. 1f). Generally, all beams participate in all eigenmodes
(Fig. 1b,d).

In contrast to this strong coupling of beams, a weak
coupling of simply supported beams is analyzed by inserting
rotational springs at the supports. Thus, two adjacent beams
can have discontinuous rotations. The resulting spectra and
a mode shape are demonstrated in Fig. 1g,h for the same
beam model as before. The fourth mode of the 6-span beam
clearly shows the additional rotations due to the weaker cou-
pling (Fig. 1g). The different eigenfrequencies of the weakly
coupled beams (Fig. 1h) are in a narrower frequency range
compared to the strong coupling. Similar multi-span models
and their special behavior have also been discussed for the
health monitoring of bridges.37

Observations at Eight Example Structures
and Bridges

The following eight subsections present modes and eigen-
frequencies of eight multi-span structures that have been
measured during health monitoring tasks. The purposes of
these monitoring tasks and some related results are given
as supplementary information. The observations about the
mode shapes, eigenfrequencies, and eigenfrequency clusters
are used for the train-induced resonances in the second part
of the article.

Example 1: Continuous two-span prestressed
concrete beam

A two-span prestressed concrete beam with a total length
of 24 m (2 × 12 m) and a width of 1 m has been built
on the BAM test area (Fig. 2a). A line of 25 vertical geo-
phones was installed at 1 m intervals along the bridge, and
the modal analysis was done by hammer tests. The natural
frequencies appear in pairs, where the square roots of the
frequencies always keep the same distance (Fig. 2b). The
first six modes are presented in Fig. 3 as theoretical modes
(lines) and experimental results (square symbols). Each pair
of natural frequencies corresponds to the antimetric mode
with a lower frequency (Fig. 3, left) and the corresponding
symmetric mode with a higher frequency (Fig. 3, right). The
agreement between theory and experiment is very good.

The prestress of the beam could be varied (max 1200 kN)
by the external tendons below the u-shaped cross section
(Fig. 4a). The beam was damaged by releasing the prestress,
and many cracks developed. A second modal analysis was
done in this released state, and then the beam was prestressed
again, and a third measurement was done. A clear reduction
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a) b)

c) d)

e) f)

g) h)

d)

f)ff

Figure 1. Coupled concrete floor beams of 5-m length, 0.2-m thickness: (a, c, e) 2-span continuous, (b, d, f) 6-span
continuous, (g, h) 6-span weakly coupled by rotational springs, (a–d, g) vibration modes, and (e, f, h) spectra
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a) b)

Figure 2. Two-span beam (a) and regular sequence of the natural frequencies (theory) and � measurements (b)

Figure 3. Calculated mode shapes of the two-span beam of length 2l = 24 m, first, second, and third antimetric (left)
and symmetric (right) modes and � measurement results at 3.9, 6.0, 15.4, 18.3, 37.4, 45.9 Hz, with 2.1, 1.3, 1.0, 6.3, 2.2,

4.2% damping

of the first eigenfrequencies was found for the intermediate

state without prestress and with subsequent damage, but

the eigenfrequencies are almost identical for the undamaged

and damaged states with prestress (Fig. 4b). As the total
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a) b)

Figure 4. U-shaped cross section of the two-span beam with two external tendons for variable prestressing (a), transfer
functions of the beam from hammer impact: with prestress without damage (blue), without prestress after damage

(red), and after damage with prestress (green)

a) b)

Figure 5. Floor above a large ballroom with 6 rooms on the second story (a) and time history and spectrum of a
heel-drop test (b)

loss of prestress gives the maximum crack damage, it can be
concluded that cracks under prestress are difficult to detect
by modal analysis. The tests were repeated for different lower
prestress levels, and the stress levels could be identified.43,44

Example 2: Eleven coupled wooden floor beams
(“Neues Palais” in Potsdam)

The large (30 m × 10 m) wooden floor above a ballroom
in the “Neues Palais” in Potsdam was dynamically tested
(Fig. 5a). Eleven wooden floor beams (0.3 m × 0.4 m) span
a length of ten meters and are connected by three layers of
floorboards. The floor is divided into six rooms by non-
load-bearing walls. The measurement line of 18 sensors
along the middle axis of the floor was shifted to three more
positions at the quarter lines and along the outer bearing
wall. Hammer, heel-drop, and ambient measurements were
performed on this floor. In addition to the measurements, a
2-dimensional model of eleven 10-m-long beams was built,
which are clamped at both ends and coupled by springs along

the middle axis, and where every second beam is stiffened
and loaded by a non-load-bearing wall.

All measured spectra show a maximum region between
5 and 10 Hz with some relative maxima, but without sharp
peaks (see Fig. 5b for an example). The wide resonance
region indicates the coincidence of several natural frequen-
cies, and a high damping can be assumed for this system. A
special method to extract nearby modes was developed and
applied to some of the floor modes.45

The measured and calculated vibration modes are shown
in Fig. 6 as amplitudes along the long axis of the floor. The
first mode at about 7 Hz shows a global behavior of the floor,
where the floor beams at 2.5, 7.5, ..., 27.5 m have higher
amplitudes than the wall beams at 5, 10, ..., 25 m. The second
mode at 7.7 Hz consists of vibrations of the floor beams,
where every two neighboring rooms are in phase. The next
mode at 8.5 Hz consists of vibrations of all floor beams out
of phase with their neighbors, while the wall beams are at
rest. At a higher frequency of 11.7 Hz, the wall beams show
strong amplitudes that are in anti-phase to the floor beams.
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a) b)

c) d)

e) f)

g) h)

Figure 6. Measured (left) and calculated (right) vibration modes of the 11 coupled floor and wall beams: (a) 6.5 Hz
(ambient), (b) 7.2 Hz, (c) 7.7 Hz (ambient), (d) 7.7 Hz, (e) 8.5 Hz (hammer), (f) 8.3 Hz, (g) 11.7 Hz (hammer), (h) 11.7

Hz, � middle, ◦ outer and + inner quarter axis, and � outer wall axis in ambient measurements (a, c)

It was found that all floor beams contribute to each
natural mode even for a weak coupling of the beams, so that

it was impossible to assess the state of each individual beam,
neither by global ambient tests nor by local hammer tests.
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a)

b) c)

d) e)

f) g)

Figure 7. Steel truss arch bridge: view (a), cross section (b), spectra with first eigenfrequencies (c), first vertical
eigenmode measured (d) and calculated (e), and second vertical eigenmode measured (f) and calculated (g)

Example 3: Steel truss arch bridge with close
eigenfrequencies

The steel truss arch bridge (Fig. 7a,b) is a footbridge with
a length of 63.7 m, a width of 4.5 m, and a maximum
height of 6.6 m which was sensitive to crowd movement. The
positions of dampers should be optimized with the help of
the modal analysis. The horizontal and vertical vibrations

due to walking, jumping, wind, and other excitation were
measured on the arch and the deck, on both sides of the
bridge. The first two vertical modes are shown in Fig. 7d–g.
They are the symmetric first bending mode and the anti-
metric second bending mode. Completely different from a
straight beam, the eigenfrequencies of these modes are very
close, at 3.16 and 3.63 Hz. This is a ratio of 1.15, whereas
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a) b)

c) d)

e) f)

d)

g) h)

i) j)

k) l)

Figure 8. Three-span bridge with six parallel beams: view (a, c), cross section (d), mid-point spectrum before and after
renovation (b), the first two mode shapes from measurement (e, 3.9 Hz; f, 4.4 Hz), and the first six mode shapes from

finite-element calculation (g–l, 4.1, 4.2, 4.4, 4.5, 4.7, and 4.8 Hz)

the ratio between the second and first eigenfrequency would
be 2.75 for a clamped–clamped beam and even 4 for a
simply supported beam. The specific behavior of the arch
bridge was confirmed by finite-element calculations, which
resulted in eigenfrequencies of 2.9 and 3.5 Hz and a ratio of
1.2. Nearby eigenfrequencies of the first and second modes
have been found in other measurement examples of arch
bridges.44–49 Moreover, the symmetric fundamental mode is
sometimes missing. This can be explained by the stiffening
of the mid-beam due to the curvature, which shifts the first
bending mode to a higher frequency. For a strong curvature,

the arch tends to behave like a two-span structure that has a
first antimetric mode.

Example 4: Three-span bridge with six parallel
beams

The beam-type bridge has a midspan of 35 m and two side
spans of 20 m (Fig. 8a). Six prestressed concrete beams are
equally distributed across the width of 24 m. The bridge
had been repaired by adding steel plates under the beams.
The bridge vibrations were measured with 40 geophones
on the left and right lanes before and after the repair.
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The spectra show a maximum region between 3 and 4 Hz
(Fig. 8b) where several modes are assumed. The two first
fundamental bending modes could be measured by the two
measurement lines. For the first (symmetric or bending)
mode (Fig. 8e), the left and right sides of the bridge are
in phase, and the shorter side spans are in anti-phase with
the midspan. For the second (antimetric or torsional) mode
(Fig. 8f), the left and right sides of the bridge are in anti-
phase. More modes can be calculated with a 3-dimensional
finite-element model (Fig. 8g–l), which consist of different
combinations of upward and downward (in-phase and out-
of-phase) amplitudes of the six beams. Thus, the full set of
fundamental modes could be obtained from the calculation.
The amplitudes of the midspan are dominant for all these
fundamental modes. The higher resonance frequencies in
Fig. 8b belong to higher bending modes of the bridge. An
increase in the frequencies was observed after the repair,
which indicates a 15% increase in stiffness as a result of the
repair.

Example 5: Seven-span continuous box-type
highway bridge—health monitoring and modal
analysis of the Westend bridge

The Westend highway bridge was built in the early 1960s as
a prestressed concrete box-girder bridge. It has a length of
240 m and consists of seven continuous spans of approx-
imately 35 m length and 14 m width (Fig. 9a), which are
supported on hinged circular columns, the abutments at the
ends, and a clamped column in the middle of the bridge.

The preliminary studies concentrated on the critical third
span, where cracks in the box girder and in the shear wall
above the column occurred. The modal analysis of this span
clearly showed the first and second bending and torsion
modes between 2 and 11 Hz (Fig. 9e–h). The first bending
mode appears several times with different frequencies. The
effects of different excitations, for example, microseismic
impacts, sudden release, nearby rail traffic, and light and
heavy road traffic, were analyzed, and a first beam model of
the whole bridge was updated (Fig. 10).

a) b)

c) d)

e) f)

g) h)

i) j)

Figure 9. Seven-span highway bridge: view (a,c), cross section (d), averaged spectrum (b), the first four mode shapes of
the third span from finite-element calculation (e–h, 2.1, 3.9, 7.1, 10.5 Hz), and the second bending and torsional mode

shapes from measurement (i–j, [2.4, 4.6,] 7.6, 11.4 Hz)
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a) b)

c) d)

Figure 10. 1D mode shapes of the whole seven-span highway bridge from measurement (continuous line, 2.7, 3.5, 4.6,
6.6 Hz) and calculation

a) b)

c) d)

Figure 11. 3D mode shapes of the whole seven-span highway bridge from measurement

A monitoring system was installed and started in 1994.
It has been modified and extended several times. It was
extended from 16 to 32 and 48 channels, from the critical
span 3 to the neighboring spans 1, 2, and 3. Geophones
(velocity transducers) are used for the vibrations, eigen-
frequencies, and mode shapes. Acceleration sensors and
a seismometer were used to check the accuracy at the
low-frequency eigenfrequencies. The monitoring software
includes the measurement and the immediate evaluation of
the raw data.50 The characteristics of the vibration, such
as max/min values, root-mean-square values, and frequency
peaks, are extracted and stored together with selected time
segments, single spectra, and averaged spectra. Additional
sensors were installed, such as temperature, strain gauges,
inclination, and crack-width sensors. A calibration mea-
surement with a 60-t truck has been done, and additional
evaluation procedures were implemented for the monitoring
of the steadily increasing loads from the road traffic.

Three modal analysis measurement campaigns were per-
formed on the whole seven-span bridge, twice together with

EMPA of Switzerland.51 The spectrum shows several clearly
separated peaks (Fig. 9b). The mode shapes in Fig. 11 show
the coupled bending of the different spans, where all spans
have alternating minima and maxima at 2.8 Hz, pairs of
neighboring spans are in phase at 3.5 Hz, and all spans are in
phase at 4.5 Hz. A torsional mode with alternating minima
and maxima is found at 10.4 Hz. Note that the three modes
at 2.8, 3.5, and 4.5 Hz give almost the same fundamental
mode shape at span 3, which often has the highest amplitude
of all spans. The different amplitudes of the different spans
can be due to the differences in the span lengths of 31 to
38 m, the varying curvature and inclination of the bridge,
or the clamped support (rigid pier) between spans 3 and 4,
which partly separates the four north spans from the three
south spans. Very similar mode shapes were achieved from
an updated finite-element model.51

The stored monitoring data were analyzed for the influ-
ence of the traffic loads52 and the temperature.53 The
monitoring data from 2000 to 2014 were further evaluated
by Hu in the context of statistical pattern recognition54
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a) b)

c)

Figure 12. Monitoring data of the Westend bridge: (a) eigenfrequencies, (b) strain of a tendon over 14 years, and (c)
influence of the temperature on the eigenfrequency in 2001 (black) and 2013 (red)

(Fig. 12). The influence of temperature was removed, and a
trend in some health indices was found, which was related to
a loss of prestress. In 2025, the bridge was demolished.

Example 6: Seven-span continuous steel road
bridge

The bridge has a length of 264 m and a width of 18 m
(Fig. 13a). The main mid-span is 66 m long, and on both
sides are three shorter spans of half the length (33 m).
There are two steel boxes along the bridge, regularly spaced
cross beams, and a concrete deck. A modal analysis was
performed after the construction to provide a reference for
a later comparison with a possibly damaged state. Five
measurement axes with 2 × 33 geophones were measured
to represent the mode shapes. Five examples are shown in
Fig. 13c. The first two modes are fundamental bending and
torsional modes of the longer mid-span, with small contribu-
tions from the nearest side spans. The third mode consists of
coupled bending vibrations of both outer spans. The mode
at 4.58 Hz is the second torsional mode of the long mid-span
and at the same time the first torsional mode of the shorter
side spans. The bending mode at 8 Hz has regular minima
and maxima at equal distances. The wavelength is half the
side span and a quarter of the mid-span, so this mode is the
second bending mode for the shorter spans and the fourth
bending mode for the long mid-span. At this frequency, the
bridge behaves like a bridge with eight equal spans and an
additional support at the mid-span.

Example 7: Long three-span concrete rail bridge

The continuous rail bridge (Fig. 14a) has an overall length
of 300 m, where the support distances are 135 m for the
mid-span and 82 m for the side spans.55 The concrete box
has a height of 4.5–6 m and supports two railway lines. The
monitoring of the bridge during some years includes strains,
inclinations, temperatures, acceleration, and 13 geophones
along the bridge, which were used to find the vibration
modes during ambient excitation and the passages of freight
and high-speed trains. The fundamental mode at 1.95 Hz
corresponds only to the vibration of the longest mid-span
(Fig. 14c). The modes between 3 and 3.5 Hz (Fig. 14d–g)
have maxima at the shorter side spans in different com-
binations, but also some contributions from the mid-span.
At 4.85 Hz, the second bending mode of the mid-span was
measured. This bridge will be further considered under train
passage in the second part of the article.

Example 8: Short two-span concrete rail bridge

The short two-line railway bridge “Arroyo Bracea I”
(Fig. 15a) was analyzed by the Spanish colleagues56 for the
typical resonance effect from high-speed trains. It consists of
two simply supported spans of 15.25 m length and 11.6 m
width. Each span consists of five concrete beams of 1 m
height and a concrete deck of 0.25 m thickness. The modal
analysis was done on one of the two spans with 3 axes of
3–4 accelerometers. After stabilization, three modes were
found in close neighborhood (Fig. 15b), all of which are
first bending modes of the beams. All beams are in phase
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a) b)

c)

Figure 13. Seven-span regular continuous bridge (a), averaged spectrum (b), and 3D mode shapes from measurement (c)

at 9.25 Hz, the outer beams are out of phase at 10.63 Hz
(“torsion”), and the outer beams are in phase while the mid
beam is out of phase at 12.75 Hz. The same mode shapes
were calculated by two different models of this skew bridge,
producing identical or slightly different natural frequencies
(see Fig. 10 and Table 4 in Ref56).

Summary of observations

The multi-span bridges with n spans generally have n fun-
damental modes, where the spans contribute with different
positive and negative amplitudes.

• In the case of equal, simply supported, weakly
coupled spans, a cluster of eigenfrequencies occurs
(Example 2).

• The arch bridge (example 3) has nearby frequencies
of the first and second bending modes.

• The beam-type bridges (examples 4 and 8) also have
a cluster of eigenfrequencies.

• The continuous beams and bridges (examples 1, 5,
and 6) show modes with mixed simple and clamped
support conditions and more separated fundamental
eigenfrequencies.

Theory for the Bridge Resonance from Train
Passages

The problem of resonances of single-span or multi-span rail-
way bridges is now addressed. The passage of a train excites
the different modes of the railway bridge with (angular)
eigenfrequencies ωj and mode shapes ωj(x). The solution
for the bridge vibration can be expressed in the frequency
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a)

b) c)

d) e)

f) g)

Figure 14. Three-span railway bridge (a), theoretical mode shapes of the first (green) and the second and third (blue
and red) eigenfrequencies (b), measured mode shapes of the first eigenfrequency (c, 1.95 Hz), and the next four

eigenfrequencies from measurement (d–g, 2.99, 3.33, 3.43, 4.85 Hz)

a) b)

Figure 15. Two-span simply supported bridge (a) and stabilization diagram from stochastic subspace identification (b)
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a) b)

c) d)

Figure 16. Axle sequence in time and frequency domain for (a) a bogie (axle distance 2.5 m), (b) a car (bogie distance
17 m), (c) two cars (car length 25 m), and (d) eight cars traveling at 100 km/h

domain as the superposition of the eigenmodes, where each
contribution is a product of three spectra:

v(ω) =
∑

j
vj(ω) = FSX(ω)

∑
j
Wj(ω)Hj(ω) (4)

where FS is one static axle load, X (w) is the axle-sequence
spectrum of the train, W j(ω) is the spectrum of the mode
shape ωj(x), and Hj(w) is the corresponding transfer function
of the bridge. This result is derived in detail in.57 It holds
for any type of railway bridges: simply supported, elastically
supported, integral, single-span, multi-span, and continuous
bridges. The time-domain solution is obtained via the inverse
Fourier transform.

The axle-sequence spectrum of the train is

X(ω) =
∑n

k=1
Ak exp(−iωTk) (5)

where Tk is the delay time of the kth axle and Ak is an
amplitude factor compared to the single axle. Fig. 16 shows
the axle sequence and the axle-sequence spectrum for a
bogie, a car with two bogies, two cars, and for a train with
eight cars. The single bogie shows characteristic zeros, the
whole car shows many characteristic maxima (and zeros),
and these maxima turn into sharp peaks for the whole train.

The mode-shape spectrum is the frequency-dependent
part of the modal force spectrum. The modal force in
general is

Fj(ω) =
∫

F

‘

(x, ω) wj(x)dx (6)

and the modal component Fj of the moving constant load
FS is

Fj(t) =
∫

FSδ(x − vT t)ωj(x)δx = FSωj (vT t)

Fj(ω) = FSWj(ω) (7)

in time and frequency domain, where vT is the train speed.
The mode-shape spectrum W j(w) is the Fourier transform

of ωj(vT t), the time history of a single unit modal force. The
mode-shape spectrum W 1(w) of a single bridge span has
characteristic zeros due to the bridge length L or the passage
time T , respectively. The mode-shape spectrum of a multi-
span bridge consists of the sum of the mode-shape spectra of
all bridge spans:

W(ω) =
∑n

k=1
Wk(ω) exp(−iωTk) (8)

In the case of identical bridge spans, this is simply

W(ω) = W1(ω)
∑n

k=1
Ak exp (−iωTk) = W1(ω)Y(ω) (9)

a bridge-sequence spectrum Y (w). This is illustrated for two
out-of-phase spans and for two in-phase spans in Fig. 17.
As for the axle-sequence spectrum, there are characteristic
zeros, and the maxima can become sharper for more in-
phase or out-of-phase bridge spans.

The frequency response function Hj(w) of the bridge is

vj(ω)

Fj(ω)
= Hj(ω) = iω

mj(ωj
2 + 2Djiωj

2 − ω2)
(10)

for the velocity, and its maximum at the resonance frequency
ωj is

vj(ωj)

Fj(ωj)
= Hj

(
ωj

) = 1
mj2Djωj

(11)

where Dj is the modal damping, and mj is the modal mass

mj =
∫

m′wj(x)2dx (12)

The resonance amplification is inversely proportional to
the modal mass, the modal damping, and the (angular)
eigenfrequency.
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a) b)

Figure 17. Bridge sequence in time and frequency domain for (a) the out-of-phase mode and (b) the in-phase mode

a) b)

c) d)

e) f)

Figure 18. The passage over the long-span railway bridge with vT = 100 km/h, modal force (a), the axle sequence of the
twenty 3-axle freight cars (b), impulse and frequency response function of the bridge for f 1 = 1.9 Hz, D = 1 % (c),

response of the bridge (d), response of the bridge (partly, e), and measured response (f)

Application to the Rail Bridge Examples

Long bridge with slow freight train

The long rail bridge (example 7; Fig. 14a) has three spans
with different lengths and frequencies, and the resonance of
the longest mid-span is analyzed as a single-span bridge. The
passage of a long freight train at a low speed of 100 km/h
over the long bridge lasts about 20 seconds, and a time period
of 65.5 s has been investigated. The corresponding modal
force (Fig. 18a) shows a passage time of about 2 seconds
for a single axle and a spectrum with very narrow minima
or zeros. The freight train consists of 20 three-axle cars and
has an axle-sequence spectrum (Fig. 18b) with very sharp
peaks. If such a peak meets a zero of the modal force spec-
trum, the cancellation of this resonance would occur. In the
present case, the second car-length frequency meets nearly

a maximum of the modal force spectrum, which means
an amplification of the resonance. The frequency response
function is given for the first bending mode at 1.9 Hz, with a
damping of 1 % (Fig. 18c). The mass is at least proportional
to the length of the bridge so that the modal mass is high.
The resonance of the long-span bridge is reduced by the
modal mass, increased by the low resonance frequency, and
increased due to the low damping.

The response of the bridge to the passage of the freight
train (Fig. 18d) follows from the three spectra in Fig. 6a–c.
The spectral density is very high at 240 mm/s/Hz, which is
partly due to the very long train. The time history shows
an increase during the train passage up to a maximum of
10 mm/s. The following vibration lasts another 20 seconds
(Fig.18e). The resonance with 10 mm/s due to a slow, long
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a) b)

c) d)

e) f)

g) h)

Figure 19. The passage over the short-span simply supported railway bridge with vT = 280 km/h: (a) modal force, (b)
the axle sequence of the ICE3 train, (c) velocity response function and d) acceleration response function of the bridge
for f 1 = 9.3 Hz, D = 2 %, (e) velocity response and (f) acceleration response of the bridge, (g) measured velocities, and

(h) measured accelerations

freight train on a long-span bridge was also found in the
measurements (Fig. 18f).

Short bridge with high-speed train

The Arroyo Bracea bridge (example 8; Fig. 15a) is analyzed
for the passage by the Spanish ICE3 train, the S103, at a
train speed of 280 km/h. At first, it is analyzed as a single
simply supported bridge using the three steps in Fig. 19a–c.
The very short passage time yields a high-frequency spec-
trum of the modal force, where the first side maximum is
at about 10 Hz. The axle-sequence spectrum of the ICE3
(Fig. 19b), which is a conventional train with two bogies
per car, has a strong third car-length frequency that lies at
9.3 Hz for the train speed of 280 km/h. This is close to the
first bending eigenfrequency of the bridge, which is shown in
the frequency response function in Fig. 19c for the velocities
and in Fig. 19d for the accelerations. The resonance ampli-
fication is quite high due to the lower modal mass of the
shorter bridge. If all spectra of Figs. 19a–c are put together in

Fig. 19e, the response of the bridge shows high amplitudes of
40 mm/s in the time domain and 80 mm/s/Hz in the frequency
domain. This strong resonance builds up during the two
seconds of the train passage. The calculated velocity and
acceleration responses are compared with the experimental
results of the Spanish team56 in Fig. 19g and h. The build-
up of the resonance is not as strong as in the calculation.
The calculated maximum accelerations give higher values
of 2 m/s2 compared to 1 m/s2 for the measurements. The
prediction, however, is very similar to the prediction from
time-domain calculation in.56

The Consequences of Multi-Span Bridges for
Rail Traffic

Multi-span bridges of equal or different spans have coupled
modes, where other spans contribute more or less to the
mode shape of the one dominant span. Therefore, the modal
mass of this mode is always higher than the modal mass of
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a) b)

Figure 20. Modal force in time and frequency domain for (a) the long single-span bridge and (b) the long 3-span
bridge; 100 km/h train speed

a single-span bridge. In the case of n equal spans, which are
all equally present in the mode shape, we have

mjn =
∫

m′wjn(x)2dx = n
∫

m′wj1(x)2dx = nmj1 (13)

where the modal mass is n times the modal mass of the
single span. Correspondingly, the maximum amplitude in
the frequency response function would be only 1/n of the
maximum of the single bridge. The modal force, on the other
hand, could be higher for the multi-span bridge. The effect
on the modal force is analyzed for some examples that are
based on the two rail bridges.

Long continuous bridge with three different
spans

A 3-span bridge with the dimensions of the long bridge in
example 7 (80 m, 120 m, 80 m) is considered. The mode
shape of the lowest eigenfrequency (Fig. 20b) is assumed
with maxima of 0.67, 1.0, and 0.67 and is compared with
the single mid-span mode in Fig. 20a. The corresponding
modal force spectra show many maxima due to the length
of the bridge and the low speed of 100 km/h. The frequency
bands around each maximum are very narrow, especially
for the three-span bridge. The envelope of all maxima is
similar for the single-span and the three-span bridge. The
only difference between the two bridges is the higher modal
mass for the three-span bridge, where

m13 =
∫

m′w13(x)2dx = (
1 + 2 × 0.67 × 0.672

) ∫
m′w11(x)2

dx = 1.6 m11 (14)

so that a lower resonance amplitude might be expected for
the 3-span bridge. If the contributions of the shorter side
spans are smaller, as in the bridge example 6 at 1.2 Hz
(Fig. 13), the resonance amplitude is closer to the resonance
amplitude of the single-span bridge.

Simply supported bridges with two or more
spans

The bridge example from Spain is now idealized as two
identical consecutive simply supported bridges. Two fun-
damental modes are considered here, which have almost
the same eigenfrequencies. The corresponding modal force

time histories and spectra are shown in Fig. 21a,b for alter-
nating (out-of-phase) amplitudes and for equal (in-phase)
amplitudes. The in-phase mode has a maximum at 10 Hz,
which is twice the maximum of a single span (Fig. 19a). The
out-of-phase mode has a zero at 10 Hz. The modal mass is
twice the modal mass of a single span, so that the effects
of the modal mass and the modal force compensate for the
in-phase mode, and the resonance is the same as that of a
single-span bridge.

If n bridge spans are considered (Fig. 21), n fundamen-
tal modes exist. The mode-shape spectra are evaluated at
the resonance frequency of the single-span bridge (10 Hz,
Fig. 19a). The in-phase modes of the 2-, 3-, and 4-span
bridges in Fig. 21b,d,f also have a strong maximum at 10
Hz. The out-of-phase mode of the 3-span bridge (Fig. 21c)
has a smaller maximum near 10 Hz, and the out-of-phase
modes of the 2- and 4-span bridges (Fig. 21a,e) have a zero
at 10 Hz. Besides the zero at 10 Hz, maxima exist above and
below that are clearly lower than the maximum for the in-
phase mode. Resonances could exist at a lower or higher train
speed, but only with a lower resonance amplitude. The same
conclusions hold for the mixed mode shapes in Fig. 21g,h.
A zero can be found at 10 Hz, and the neighboring maxima
are smaller than the maximum of the in-phase mode, which
is the most relevant mode with the strongest resonance. The
maximum of the in-phase mode-shape spectra (Fig. 21b,d,f)
increase proportionally to the number n of spans, so that the
effect of the modal mass, which is also proportional to n, is
compensated. This means that the resonance of the in-phase
mode of the multi-span bridge is the same as the resonance of
the single-span bridge. It is expected that these observations
can be generalized to all bridges with equal spans.

Multi-span continuous bridges

Similar rules hold for continuous multi-span bridges. Mode
shapes that are similar to the mode shapes of the four-span
simply supported bridge in Fig. 21e–h have been measured
at a four-span continuous highway bridge.58 Continuous
bridges with more spans can have mode shapes with differ-
ent amplitudes for different spans (see for example Fig. 1d
and Ref37,59). The corresponding effect on the resonance
amplitude is analyzed for the most relevant mode, the in-
phase mode. The maximum amplitude is 1 and the other
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e) f)
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Figure 21. Modal force in time and frequency domain for (a, c, e) the out-of-phase mode of a two-, three-, and
four-span bridge, (b, d, f) the in-phase mode of a two-, three-, and four-span bridge, and (g, h) the second and third

fundamental modes of the four-span bridge; 280 km/h train speed

amplitudes are Ak < 1. The modal mass is

mn

m1
= 1 +

∑
Ak

2 < n. (15)

and the modal force for the in-phase fundamental mode is

Wn

W1
= 1 +

∑
Ak < n. (16)

The effect on the modal mass is stronger, so that the
resonance amplitude is somewhat higher than for a single
span.

Vn

V1
= Wn

W1

m1

mn
= 1 + ∑

Ak

1 + ∑
Ak

2 > 1. (17)

This effect can be studied for the 6-span continuous beam
in Fig. 1d. The mid-spans have the highest amplitudes, and
the outer spans have the lowest amplitudes. The modal mass
is 3.6 instead of 6, and the modal force is 4.5 instead of 6.
Finally, the resonance amplification for the 6-span bridge

is 23% higher than for the single-span clamped–clamped
bridge. In this case of different amplitudes, the highest fun-
damental frequency can have a higher resonance amplitude.
The ratio between the resonance amplitudes of the multi-
span and the single-span bridge depends on the number of
spans and the amplitudes Ak. Some calculations have shown
that the ratio increases for more spans and smaller Ak. For
a specific multi-span bridge, the Ak must be determined
from calculated or measured mode shapes. The present rules
may help to improve the national and international standard
assessment procedures.60–63

For equal amplitudes of all spans, as for the south three-
span bridge of example 5 at 3.5 Hz (Fig. 11b) and for the
four-span bridge in Ref,58 the in-phase mode has similar
resonance amplitudes, and all lower fundamental eigenfre-
quencies have smaller resonance amplitudes compared to the
single-span bridge.
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Conclusions

Eigenfrequencies and mode shapes of multi-span structures
have been analyzed in theory and using eight measurement
examples. Whereas a single bridge has only one fundamen-
tal mode, multi-span bridges generally have n fundamental
modes, where the spans contribute with different positive
and negative amplitudes. In the case of equal, simply sup-
ported, weakly coupled spans, a cluster of eigenfrequencies
occurs. Continuous beams show modes with mixed simply
supported and clamped support conditions and separated
fundamental eigenfrequencies.

Resonances of railway bridges to train passages have been
analyzed in the frequency domain using the axle-sequence
spectrum, the transfer function of the bridge, and the modal
force (the mode-shape) spectrum. The modal mass increases
with the number of spans; the modal force usually does not.
Only the in-phase mode has a corresponding increase in the
modal force and therefore the same resonance amplitude as a
single-span bridge. If the in-phase mode has different ampli-
tudes at the different spans, a higher resonance amplitude is
possible. Although higher resonance amplitudes are possible
for the in-phase mode, all lower fundamental eigenfrequen-
cies have lower resonance amplitudes than the single-span
bridge.
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